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a b s t r a c t
A model for option pricing of a (γ , 2H)-fractional Black–Merton–Scholes equation driven
by the dynamics of a stock price S(t) satisfying (dS)2H = µS2H(dt)2H+σ S2HdBH(t), where
BH(t) is a fractional Brownian motion with Hurst exponent H ∈ (0, 1), is established. We
obtain the explicit option pricing formulas for the European call option and put option for
γ > 0, 12 ≤ H ≤ 1.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Since it appeared in the 1970s, the Black–Scholes formula [1] has become the most popular tool for option pricing and
its generalized version has provided mathematically beautiful and powerful results on option pricing. However, they are
still theoretically adaptations and not necessary consistent with empirical features of financial return series. Recently, Guy
Jumarie [2] derived two Black–Scholes equations for fractional Black–Scholes equations and obtained the solutions of these
fractional Black–Scholes equations, under the boundary condition V(S,T) [3].
In this letter, from the dynamics of a stock price St satisfying the fractional exponential equation
(dSt)2H = µS2H(dt)2H + σ S2HdBH(t), 0 < H < 1, (1)
where 0 < H < 1, µ, σ are constants and BH(t) is a fractional Brownian motion with Hurst exponent H , we derive a bi-
parameter fractional Black–Merton–Scholes equation and obtain the explicit option pricing formulas for the European call
option and put option, individually.
2. The bi-fractional Black–Scholes partial differential equation
Let f (S, t) denote the price of an option on a stock price S at time t and assume that f (S, t) has fractional derivative of
order 2Hk, at position S and at t for any positive integer k and H > 0; according to Jumarie’s fractional Taylor formula [2],
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we have
d2H f (S, t) = 1
Γ (1+ 2H)
∂2H f
∂t2H
(dt)2H + 1
Γ (1+ 2H)
∂2H f
∂S2H
(dS)2H + 1
Γ (1+ 4H)
∂4H f
∂S4H
(dS)4H
+ 1
Γ 2(1+ 2H)
∂2H∂2H f
∂S2H∂t2H
(dS)2H(dt)2H + 1
Γ (1+ 4H)
∂4H f
∂t4H
(dt)4H + higher order terms. (2)
Since (dS)2H = µS2H(dt)2H + σ S2HdBH(t), (dS)4H = σ 2S4H(dt)2H + o((dt)2H), we thus obtain
d2H f (S, t) =
(
1
Γ (1+ 2H)
∂2H f
∂t2H
+ µS
2H
Γ (1+ 2H)
∂2H f
∂S2H
+ σ
2S4H
Γ (1+ 4H)
∂4H f
∂S4H
)
(dt)2H
+ σ S
2H
Γ (1+ 2H)
∂2H f
∂S2H
dBH(t), H > 0. (3)
We construct a portfolioΠ of f (S, t) and S such that
d2HΠ = d2H f − δ(dS)2H , (4)
According to the discussion above, choosing δ = 1
Γ (1+2H)
∂2H f
∂S2H
, we have
d2HΠ =
[
1
Γ (1+ 2H)
∂2H f
∂t2H
+ σ
2S2
Γ (1+ 4H)
∂4H f
∂S4H
]
(dt)2H . (5)
This shows that the investment portfolio Π is determined assets. Because this expression is independent of the fractional
Brownian motion process, the portfolio is instantaneously riskless. Hence
d2HΠ = rΠ(dt)2H . (6)
For 0 ≤ m < 2H ≤ m+ 1,m = 0, 1, assume dj(Π − f )|S=0 = 0 (j = 0, 1); from Eq. (4) we have [2]
Γ (1+ 2H −m)(Π − f ) = −δ
∫ S
o
(dS)2H = −δ2H
∫ S
0
(S − τ)2H−1dτ = −δS2H . (7)
Substituting Eqs. (9) and (11) into Eq. (10), we obtain the fractional Black–Merton–Scholes equation
1
Γ (1+ 2H)
∂2H f
∂t2H
+ σ
2S2
Γ (1+ 4H)
∂4H f
∂S4H
+ rS
2H
Γ (1+ 2H)Γ (1+ 2H −m)
∂2H f
∂S2H
− rf = 0. (8)
Here we shall refer to this fractional derivative as the Riemann–Liouville derivative [4].
In particular, when 2H → 1 this reduces to the celebrated Black–Scholes equation
∂ f
∂t
+ 1
2
σ 2S2
∂2f
∂S2
+ rS ∂ f
∂S
− rf = 0. (9)
In order to solve Eq. (8) under the boundary condition f (S, T ) = f0(S) = max(S − K , 0) for a call option, and f (S, T ) =
f0(S) = max(K − S, 0) for a put option, we consider the price change of the option price in the financial market as a fractal
transmission system. The relationship between the total flux of the option price current rate Y (S, t) of order 2H per unit
time from time t = 0 to time t and the option price f (S, t), considered as the output and the input at the start terminal
t = T of the fractal transmission system for the option price [5,6], should satisfy the following equation:∫ T
t
Y (S, t ′)dt ′ = Sdf−1
∫ T
t
H(t ′ − t)[f (S, t ′)− f (S, T )]dt ′, (10)
where H(t) is the transmission function and df the Hausdorff dimension of the fractal transmission system considered. We
assume that the diffusion sets are underlying fractals (underlying fractals denote self-similar sets in [7] or net fractals [8])
and the transmission function on the underlying fractal should behave as
H(t) = Aγ
Γ (1− γ )tγ , 0 < γ < 1, (11)
where γ is a transmission exponent and Aγ is a constant that can be determined [9].
The option price current rate Y (S, t) of order 2H is given by the Black–Merton–Scholes equation Eq. (12)
Y (S, t) = −∂
2H f
∂t2H
= Γ (1+ 2H)
{
σ 2S2
Γ (1+ 4H)
∂4H f
∂S4H
+ rS
2H
Γ (1+ 2H)Γ (1+ 2H −m)
∂2H f
∂S2H
− rf
}
. (12)
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Thus, from Eqs. (14)–(16), we have the bi-fractional Black–Merton–Scholes equation
Aγ Sdf−1
Γ (1+ 2H)
∂γ f
∂tγ
+ σ
2S2
Γ (1+ 4H)
∂4H f
∂S4H
+ rS
2H
Γ (1+ 2H)Γ (1+ 2H −m)
∂2H f
∂S2H
− rf = 0, (13)
where
∂γ f
∂tγ
=

1
Γ (1− γ )
d
dt
∫ T
t
[f (S, t ′)− f (S, T )]
(t ′ − t)γ dt
′, 0 < γ < 1,
(−1)n−1
Γ (n− γ )
(
d
dt
)n ∫ T
t
f (S, t ′)− f (S, T )
(t ′ − t)γ−n+1 dt
′, n = [γ ] + 1, γ ≥ 1.
(14)
We shall refer to these fractional derivatives as the modified Riemann–Liouville derivatives of order γ , right-handed.
3. The solution of the bi-fractional Black–Merton–Scholes equation
For simplicity, we assume that Aγ = df = 1, and α := 2H . From Eq. (17) we have
1
Γ (1+ α)
∂γ f
∂tγ
+ σ
2S2α
Γ (1+ 2α)
∂2α f
∂S2α
+ rS
α
Γ (1+ α)Γ (1+ α −m)
∂α f
∂Sα
− rf = 0, γ > 0, 0 ≤ mα ≤ m+ 1, (15)
where ∂
β f
∂Sβ = Dβ0+f are the Riemann–Liouville fractional derivatives [4].
Let S = Kex, t = T − τ/ 12σ 2, f (S, t) = KV (x, τ ). Noting that ∂
γ f
∂tγ = −K( 12σ 2)γ ∂
γ V
∂τγ
and Sβ ∂
βC
∂Sβ = K ∂
βV
∂xβ [2, (3.24)], from
Eq. (20), we have
a1
∂γ V
∂τ γ
= a2 ∂
2αV
∂x2α
+ a3 ∂
αV
∂xα
− rV , (−∞ < x < +∞), (16)
where ∂
γ V
∂τγ
= Dγ0+(V (x, τ ) − V (x, 0)) and ∂
βV
∂xβ = Dβ−∞+V (x, τ ) are Riemann–Liouville fractional derivatives, and a1 =
1
Γ (1+α)
( 1
2σ
2
)γ
, a2 = σ 2Γ (1+2α) , a3 = rΓ (1+α)Γ (1+2H−m) .
The corresponding key boundary condition is V (x, 0) = V0(x) = K max(ex−1, 0) for a call option, and V (x, 0) = V0(x) =
K max(1− ex, 0) for a put option.
By the Laplace transform and the formula for the Laplace transform for the Riemann–Liouville fractional derivative of
order γ > 0 [10], we have
a
∂2αV (x, p)
∂x2α
+ b∂
αV (x, p)
∂xα
+ cV (x, p) = h(x), (−∞ < x < +∞), (17)
where V (x, p) = L[V (x, τ )] = ∫∞0 e−pτV (x, τ )dτ , a = a2, b = a3, c = −(r + a1pγ ), n = [γ ] + 1, and
h(x) = −a1
(
n−1∑
k=0
pkbk(x)+ bnpγ−1V0(x)
)
, bk(x) =
[
0Dγ−k−1τ V (x, τ )
]
τ=0 . (18)
By the exponential Fourier transforms fe(ω) = Fe[f (x)] =
∫ +∞
−∞ e
iωxf (x)dx, and noting that Fe[ ∂βV∂xβ ] = (−iω)βVe(ω, p), β >
0, [9] it follows from Eq. (26) that
Ve(ω, p) = he(ω)ge(ω), ge(ω) = 1aq2α + bqα + c , q = −iω (19)
where he(ω) = Fe[h(x)], and ge(ω) is called the fractional Green function of Eq. (26). Thus, we have
V (x, p) =
∫ +∞
−∞
h(y)g(x− y)dy. (20)
where g(x) = F−1[ge(ω)].
By the residual theorem of one complex variable function, we have
g(x) = L−1[ge(ω)] − 1
α
(
q1−α1 exq1√
b2 − 4ac
)
, (21)
where s > |b/a|1/α , and q1 = [−b+
√
b2−4ac
2a ]1/α is a unique pole of ge(ω) in the domain 0 < Re(q) < s for 1 ≤ α ≤ 2, since
ge(ω) is analytic in the right semi-plane Re(q) > s.
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By the term-by-term inversion of the Laplace transform [11, Section 22], we obtain that
f (S, t) = −Ka1
∞∑
k=0
1
ak+1k!
[
n−1∑
j=0
gj;1,k
(
ln
S
K
)
hj;1,k
(
1
2
σ 2(T − t)
)
+ bng0;1,k
(
ln
S
K
)
h0;1,k
(
1
2
σ 2(T − t)
)]
+ Ka1
∞∑
k=0
1
αk!
[
n−1∑
j=0
gj;2,k
(
ln
S
K
)
hj;2,k
(
1
2
σ 2(T − t)
)
+ bng0;2,k
(
ln
S
K
)
h0;2,k
(
1
2
σ 2(T − t)
)]
, (22)
where
gj;i,k(x) =
∫ +∞
−∞
bj(y)gi,k(x− y)dy, (j = 0, 1, . . . , n− 1), (i = 1, 2), (23)
g1,k(x) = x2α(k+1)−1E(k)α,2α+kα
(
−b
a
xα
)
, g2,k(x) = xk, (24)
E(k)λ,µ(y) ≡
dk
dyk
Eλ,µ(y) =
∞∑
j=0
(j+ k)!yj
j!Γ (λj+ λk+ µ), (k = 0, 1, 2, . . .), (25)
g0;i,k(x) =
∫ +∞
−∞
V0(y)gi,k(x− y)dy, (i = 1, 2)
=

∫ ∞
0
(ey − 1)gi,k(x− y)dy, (for call option),∫ 0
−∞
(1− ey)gi,k(x− y)dy, (for put option),
(26)
hj;1,k(τ ) =
k∑
`=0
Ck` r
k−`a`1
τ−1−j−`γ
Γ (−j− `γ ) , h0;1,k(τ ) =
k∑
`=0
Ck` r
k−`a`1
τ−γ−`γ
Γ (1− γ − `γ ) , (27)
hj;2,k(τ ) = 12a
(αk−1)/2
1 a
−(αk+1)/2
{
t−j−1−γ (αk−1)/2
Γ (−j− γ (αk − 1)/2) +
∞∑
m=1
emt(γ (m−αk+1)/2−j−1)
Γ (γ (m− α + 1)/2− j)
}
, (28)
h0;2,k(τ ) = 12a
(αk−1)/2
1 a
−(αk+1)/2
{
t(−γ (αk+1)/2)
Γ (1− γ (αk + 1)/2) +
∞∑
m=1
emt(γ (m−αk−1)/2)
Γ (γ (m− αk − 1)/2+ 1)
}
, (29)
wherein αk = (k+ 1− α)/α, and {em}∞m=1 is defined by
[(−b+√b2 − 4ac)/2]αk√
b2 − 4ac ≡
1
2
a(αk−1)/21 a
−(αk+1)/2pγ (αk−1)/2
(
1+
∞∑
m=1
em
pmγ /2
)
, (30)
In particular, if 0 < γ < 1, or bk(x) =
[
0D
γ−k−1
τ V (x, τ )
]
τ=0
= 0, i.e.,
∂γ−k−1f (S, t)
∂tγ−k−1
|t=T = (−1)
n−k
Γ (n− γ )
[(
d
dt
)n−k−1 ∫ T
t
f (S, t ′)− f (S, T )
(t ′ − t)γ−n+1 dt
′
]
t=T
= 0 (31)
(k = 0, 1, 2, . . . , [γ ]), then we have
f (S, t) = −Ka1
∞∑
k=0
1
ak+1k!g0;1,k
(
ln
S
K
)
h0;1,k
(
1
2
σ 2(T − t)
)
+ Ka1
∞∑
k=0
1
αk!g0;2,k
(
ln
S
K
)
h0;2,k
(
1
2
σ 2(T − t)
)
. (32)
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